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On certain Groups of Relations satisfied by the 
Quadruple Theta- Functions. 

By Thomas Craig, Johns Hophins University. 



If m 1 , w 2 , m 3 , m 4 denote even integers, positive or negative, and if we 
write /Wj + ai, tn 2 + a 2 , m 3 + a 3 , m 4 + a 4 \ 

\ «i + Pi, ih + (3-t, u 3 + /? 3 , w 4 + /? 4 / 

= r(«ll. «12. • • • «44$ OT 1+ «li • • • «4+ %) 2 

+ J-7W [(wix + »!)(«! + ft) + . . . + (m 4 + a 4 )(« 4 + &)] 
we have for the definition of the quadruple theta-functions the equation 

Kfa%%pO {Uiu * U3Ui)= 

V^V* V* V* exD f m i + a i' w 2 +a 2 , m 3 +a 3 , m 4 +a 4 \ 

Wlj «l 3 mj TO4 

or briefly J>( «)(„) = 2 exp. (* + *), 

where the summations extend over all positive and negative even integer values 

of «?!, m 2 , m 3 and w 4 . Suppose now we write 

«ii = log ft. «22=? log ft, a 33 =logft, a 44 =logft, 

«i» = log ft 2 , «i 3 = log q-a , a i4 = log q u , a 23 = log ft 3 , etc. 

J 1 V l V 2 "8 V i 

ana also u x = -==- > u % = -=- > « 3 = -=- i w 4 = -=- > 

and replace the Wj, m 2 , ?n 3 , ra 4 by 2mj, etc.; then the summations will extend 
oyer all positive and negative values of the wi's, and it is easy to see that we have 

* (ft ft A ft) (' MlM ^ 3 ^) = 

2^ 2^ 2^ Z-, (_) 6Xp - J * ^ 2Wl + ai)2 log ?i + • • • + ( 2w? 4 + « 4 ) 2 log ?4 

wii m 2 wig wi4 

+ 2 (2otx + a 1 )(2m f + a 2 ) log ft 2 
+ . . . + 2(2w? 3 + a 3 )(2wi 4 + a 4 ) log ft 4 ] 

+ f ((2m x + a0^+ . . . + (2«i 4 + a 4 )|.) J- . 
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The true periods are obviously 
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4K t 



The quasi-periods are easily written down, but it is not worth while to give 
them here. 
Write the exponent in the following manner: 

\{2m 1 + atf log ?1 + jg (2m! + ccj) 

+ \ i (2m 2 + ojj) 2 log q % + | (2m 3 + <x 3 ) 2 log g 3 + - 4 - (2m 4 + a 4 ) 2 log ?4 
+ 2(2^ + ai )(2m 2 + aj) log£ 12 + 2(2m x -f- a 1 )(2m 3 + a 3 ) logg 13 

+ 2 (2«ij + a 1 )(2m i + a 4 ) log g M 
+ 2 (2m 2 + a 2 )(2m 3 + a 3 ) log q i3 + 2 (2m 2 + a 2 )(2m 4 + a 4 ) log q 2i 

+ 2(2m 3 + a 3 )(2m 4 + a 4 ) log q 3i 



mv. 



2^" lo g 2>i2 > lo g ?i3 = 2Xi l0g Pls ' l0g ?" = Wl g ^ u 



+ ^ (2m 2 + a,) + fg- (2m 3 + a,) + fg (2m 4 + a 4 ) |. 
Write now 

log qu 

and 

2m, + «, , 2m, + a t , 2m, + a, . 
v 2 = w i g — log 2> 12 , v 3 = w 3 g lo S Pa> v i =w i ^ — lo S Pu- 

Taking the terms which contain log q Xi and v % and combine them after making 

these substitutions and we have 



%nv% 



| . 2 (2m 1 + a 1 )(2?n 2 + a 2 ) log g 12 + -^ (2w? 2 + a 2 ) 



= i.2(2m 1 + a 1 )(2m 2 + a 2 )2^ logp 12 + (2m 2 + a 2 ) (^ — ^-. — J— log .p,, J 

= |^-(2m 2 + a 2 ). 

Similar results are obtained for the terms containing log q n and v 3 , log q u and v 4 . 
Combining all these and the new exponent is : 

\-{2m l + atf log q l + |^ (2m! + a x ) 
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+ | \- (2m 2 + a 2 ) 2 log q 2 + \ {2m 3 + a 3 ) 2 log q 3 + ± (2m i + a 4 ) 2 log q 4 

+ ^ (2wj 2 + a 2 )(2m 3 + a 3 ) log q %3 + 2(2m 2 + a 2 )(2m 4 + a 4 ) log q 2i 

+ 2 (2m 3 + a 3 )(2?n 4 + a 4 ) log q 3i 

+ i ^ { 2m i + a i )+^(2m 3 + a 3 ) + ^(2m i + a i )\. 
The terms in { \ obviously form the exponent of a triple theta-function, viz. 

K&ftft) ( w > w ° w *)' or simply ^Q) («0 

understanding that here the suffixes are 2, 3, 4. We have then finally 

i -K^;:)^ w ' ) =E(-)- , '-' <, "' + '' , ' , °"' +B '*' + *''K^2) ( ^»' ) 

Ol, 

For brevity write this in the form 

2. e 4 K^^^) = 2^(-) mi3 '. qr + -* } e~ K > K ' " 2; .0 3 K W3 ^), 

or substituting for w 2 , w 3 , to 4 their values 

_ / . 2m 1 +a 11 2m 1 +a 1 , 2m 1 4-a 11 \ 

©3 (*> 2 H J— 1 log jp,, , t> 3 H f- log^ 13 , » 4 H 3L_i lo g2>u) . 

the summation extending from m 1 = — oo to ot x = + oo . Expand this by 
giving to rn 1 all of its values and grouping together the terms corresponding to 
equal positive and negative values of m lt 

. ^/ x_ ^ ^.-^-e»(«,+^-iogp„,»,+ i-iogp 1 „i., + .^-iogp 1< ) 

4. Ky i (v 1 v 2 v 3 v 4 ) = q 1 i e K > 2 v 2 2 2 / 

(2+«,) a ( r / 2 4-a, \ 

+ (-f^i" | cos (2 + a ] )T[0 3 (*> 2 + -^lo gi > 12 . . .) 

+ q~ 4a '{cos 2a 1 r + i sin 2a 1 r)@ 3 (v i ~^ log/>i 2 . . .jj 

+ i sin (2 + «i)t [0 3 (v % + -±^ logjp,, . . .) 

— ^ _4ai cos (2ajT + i sin 2a 1 T)0 3 fv 2 : ^-log^] 2 •••)][ 

+ {-r>q--?- | cos(4+ ai )T[0 3 (v; 2 + 4 -t^logy, 12 . . .) 

+ 5- 16a '(cos 2a 1 r + t'sin 20^)0;/ w 2 ^--log^ . . .)] 

4- 1 sin (4 + ai ) r [© 3 (tf 2 + -±_^ i og ^ . . . j 

— ? ~ 16a '(cos 2 ai T 4- f sin 2 ai r)0 3 (v 3 — ^=plog^ 12 •••)][ 
4- etc. 
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where for brevity I have written t x = -^-~- • 

The single theta-function $■ ( o 1 ) (v x ) on being expanded takes the form 

5. M "* W)= 2l V' T ' + {—f'qi i ^cos (2+a 1 )Tr 1 [l+gf 4,I '(cos 2a 1 * 1 +tsin 2a 1 r 1 )] 

+ i sin (2 + a^ Tj [1 — gf ia ' (cos 2a 1 r 1 + i sin 2^^)] } 

( 4 + «i)' 

+ ( — ) 2 ^' ?i 4 1 cos ( 4 + a i)' r i E 1 + 9~ Ua ' ( cos 2a i r i + * sin Sai^i)] 
+ i sin (4 + a^Tx [1 — qY Ua ' (cos 2axT"x + *sin 2ai Tj)] [ 

+ etc. 
Giving ( o 1 ) the values f \ ( ) , f j J , f 1 J this general form gives 
the four known equations 

K J )^ = 1 ~ 2qiGos 2 2?t + 2? * cos 4 lfc — 2?? cos 6 S" + • • • 

^(l)W = 2^cos||- + 2 ? fcos3^- + 2#cos5^ + ... 
- t&( J )(»,) = 2 ? f sin-g— 2 ?1 f cos 3-g- + 2qfsm 5-g, + . . . 
For convenience write $( S 1 )(t>i) as simply ©x(vx) and bear in mind that 

©4 K v g v 3 1> 4 ) = $ (^ J g p'J («x v 2 v 3 v 4 ) 

and © 3 (t>, v 3 « 4 ) = 3 ft* «» «* J (v, v 3 v 4 ). 

Now by aid of 5, equation 4 may be thrown into the form 

6 . © 4 («i , r, , t' s , v 4 ) = 3 (t?, , v 3 , v t ) . @i (vx) 

JKi rf^K) ( 2Xi . d . 2JT, d 2K t . d ) . . 

, 1 /.KiV^ifa) (2JT,. d 27f 3 d 2if 4l d ) . 

1 //A V^^W 2^=, d 2if 3 d 2A' 4 . d ) , 

- s ( t) -&r I ^ log *» ^ + — log ? 13 d7 3 + -v log *« a } e «( e »- *• ^ 

+ etc., 

or symbolically this may be written, 

7. ©4 = e -^»l! toS **•***-&**. ©x . © 3 , 

and obviously by transforming © 3 in the same manner we have 
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/~v i 2 2 \0gq,aKnKi . . n Ci 

8. @A=e "\ = ll = l 6 <t*»d», . 11 Ui, 

4 1 = 1 

where nV = ©j fa) @ 2 fa) © 3 fa) ©4 fa) , 

and in the double summation w and ? are always to have different values. The 
generalization of 8 for the ^>-tuple theta-functions is 

2 n=p l=p d i l=p 

9. ©„ = e ' r2 »=ii=i fc*,.nUi,. 

Equation 8 written out in full is 

=e-Kl"i\"""- m ^-,-»Q' i ) w s (ft)w»(ft)w s (ft)w- 

The quantities iTj, JT 2 , iT 3 , Z" 4 may be taken as the complete elliptic 
integrals of the first kind corresponding to moduli 7c x , 7%, Jc 3 , \; similarly E x , E % , 
E z , jE7 4 may be taken as the complete elliptic integrals of the second kind corres- 
ponding to the same moduli. Now writing $■ = 3 ( % j fa we have (Oayley's 
Elliptic Functions, page 227) , 

d«» 2v \r k) dv +2kK dk- Q ' 

or letting i denote either 1, 2, 3, or 4, 

Now (Cay ley, page 102) we have 

12. *g = ^ W-iSKt), 

so that 11 may be written in the form 

d»? if, d£ 4 l dt- , l l dhi 

Differentiating this s times with respect to v t and we have 
14 *_*&< VktWdK* d_d°&j J L d?3 1 _ 

do} dvj "*" K t dk { °* do, dvl "•" H ■ l dkt 4n\ 
Now so far as Xi and h t are concerned the general term in 8 is a numerical 
multiple of vA % ®i 

then 



ib - dv\ + K t dk ( Vi dv t -^ \ 



d^d^h, 2ft, ft? dK t d3 { 
doj dv 3 , K t ~dk { Vi dv { 



*For what immediately follows I am indebted to Mr. Forsyth's paper on Theta Functions : Phil. 
Trans., 1882. 

vol. VI. 
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and 

dk ( * ( dk ( dv\ "*" K t dk, dv° { f * 

Hence 

17. fe + «^ Wi ^ + 2W t 1 = 0, 

dvj it, afcj dv* dkf 

and now since © 4 is the sum of the quantities $< we have 

18> <** + JT, dk ( Vt dv t + ^'^ dk { -°> 

or 

19. *fL_ Jte /*.__f.^ +s a,^ = o. 

dv\ * \ * K t J dv t l * d&< 

There are of course four equations of this type. Now from 8 we have 



20. -} irK n K x — — 5 © 4 , 

«2„i ji* d« tt di>, q n , 



dd, 2 „. _ d 2 1 

dg 
and consequently 

d6 t ZKtK, d>0 4 

& - 1 • Vn2 ~t o 5 1 — " • 

1 d§-„, n 2 dv n dv t 

There are obviously six equations of this type. The quadruple theta-functions 
therefore satisfy in all ten different equations of the second order ; written out 
in full these are 






= 



II 



dfl 4 2^ga d 2 ^ _ 
^3i2 7r2 d^d^ 

dfl 4 2K t K t <P0 t _ 

Ql3 dq n "T b» " d^s ~" 
dfl 4 2K,K t (P6, _ Q 

* 14 d$- 14 7i* d^d^ 

d^ 2K,K S cPJ, _ 

9u dq„' f ' ^'dvjv,- 
dd t gj^iQ d 2 ^, __ Q 
4 ^?34 ft 2 d» 2 d^ 4 

d0 4 ■ 2^r 3 /r 4 cP0 4 _ p 

" 31 dg^ 7i 2 dj> 3 di> 4 



satisfied by (he Quadruple Theta-Fwwtions. 211 

These equations can be obtained at once from the general definition of 4 ; 
this is 

22. e 4 , = * ( J £ J J) k W4 ) ,=2222 (-r^r^ . . . q ( r^ 



Bmi+aiKaOTa + an) (2m 3 + a 3 )(2m ) + a 4 ) 

X q n 2 . • • ?84 2 " 



The general term in © 4 is a multiple of 

?1 -r— _ e ^ ( 2 ™<+^ = , say $, , 
the coefficient of ^ being independent of v t and ^ . Now 



23. 


d <*» _ ( 2m < + a *) 2 <a» inv * ( 2m < + a <) d ^ 3fc 


24. 


* m - C^ + ^m 


25. 


' do, &* 2K, &*' 


from these we 


derive 


26. 




"We have also 
and therefore 

27. 


q t = e *k,> 

-. 7 *r dKi ' *r ldK > 
1 dg, _ Ai 'dt7' _Ai dfc i 

J,. — ?* 17.2 



q, dk, 



^-j^i-KiEi'-Ki'Ei + KiW} 



since K t E t '+ KlBi — K^l^^-- Multiply 26 by J*- and substitute from 27 
and we have d m _ 1 d 2 m 1 diQ d m 

dT^'- ~?mM®' i ~'K l -dk~ Vl dv t ^ 1 ' 

and hence © 4 which is the sum of the quantities ^ { satisfies the equation 
d>0 4 2hX dK, dd t md0 i _ 



or *ft 



h^(*»-f)S+**«ir= - 
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For the constants K, h we have of course the following relations : 

K - rf rf y _ K - ri d f 

l ~~J« Vl-^sinV 2_ Jo VI— ^sinV 

K _ /Sr d< P - K- ft df 

3 ~Jo VI — /^sinV 4_ Jo VI— ^sinV 

or in the notation of hypergeometric series, 

K^~F{\,-\, 1,74), K 2 = jF(h {-, 1,74), 

-7^3 = - "o"-^(t> Ti 1» ^3)1 -*m — - "o ~ -P \2> T> 1) ^4)) 
and for the constants E we have 

E 1 = -^-F( — \, 4, 1, 74), .#2= wF{— 4, 4, 1, Af), 



o V 2)ai-i — 1/1 —a — 2 

\ F(-\,\,1,T%), E t = % 



E 3 = ~F{-\, 4, !,«*), ^ = ^-^(-1,1-, 1,74). 



Also for the iT's 

-s/^ = i + 2 ?2 + 2$|+ v, + a ? i«+ . . 

\/^ 8 = 1 + 2<? 3 + m + 2g8 + 2qf + . 

^/2^ = l + 2q i+ 2q\+ 2q\ + 2q\«+ . 

and _ ( 2q\ + 2q\ + 2qf + 2qf + . . 

hl ~{l + 2 qi + 2q\ + 2ql + 2q\«+. 
2q\ + 2ql + 2 ? ¥ + 2jV + . . 



l + 2q 2 +2qi + 2ql+2q\ 6 +. 

_ 2qi + 2q\ + 2qf + 2g¥ + . . 

3 ~ 1 l + 2q 3 + 2q i 3 +2ql+2ql«+. 

2q\ + 2«?3 + 2j¥ + 2j¥ + . . 



7c 3 = 

h ~ ' 1 + 2? 4 + 2gJ + 2gJ + 2gJ« + . 

We have seen that it is possible to derive a quadruple theta-function by 
operating upon the product of a single and of a triple theta-function, and generally 
that a p-tuple theta-function is derived by performing a certain operation upon 
the product of a single and of aj>-l-tuple theta-function; and finally that the 
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£>-tuple function can be obtained by operating upon the product of p single 
theta-functions ; i. e. calling the operator v we have 

Kftg : : : £>* ■■•%>= *•»(£>»(£>*> • • • >(£>%>. 

It seems to me that it ought to be possible to obtain a theta- function of any 
order p by performing a proper operation upon certain combinations of theta- 
functions of any lower order. For example, cannot the quadruple function 



3 



(TmK) {w * Vi) 



be obtained by an operation performed upon a certain combination of the double 
theta-functions 

It is possible that some such expression may be known, but I have not seen 
it nor does it seem easy to obtain. It is, of course, perfectly simple to split up 
the right-hand members of equations 2 or 3 so that the double theta-function 
shall be brought in, but that reduction would obviously be of no value, as taking 
one further step we should arrive at an equation of the same form as 8 . The 
question seems an interesting one and one worthy of investigation. 

The theta-function under consideration may be written in the form 



PlPiPsPi/ m,™,,)^™. 



(2m, + <.,)* 2(m, + a t )* 

4 



~m 1 + a 1 )v 1 + . . .g-(2m t + a t )v t . 

The summations of course extend from — oo to +oo for all of the letters 
m 1 , rn % , m 3 , and m t . This summation can be divided up into five parts: first, 
where all of the m's are zero, giving one term ; second, where any three m's are 
zero while the fourth takes all values other than zero, giving four terms ; third, 
where any two of the m's are zero and the other two take any values other than 
zero, giving six terms ; fourth, where one of the m's is zero and the other three 
are not zero, giving four terms ; and fifth, where none of the m's are zero, giving 
one term. 
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This gives us 

„^v) — q x l.q % i.q^.q^.q n » . . . q u * .e» L '• *< J 

"I "1 a 4 a a a 3 ?l?i "3 "4 <5 p»4jPa 1 I »4^4 *1 



mj=+oo 



(2mi + ai)' a a (2mi + a 1 ) 

,w,ft 2i 4 g u 2 • 



x£(-> 

+ (three similar terms) 

°1 tt 4 "a a 4 *» r^i^i+^lHil 



<?14 2 ' e2Jr ' 






«--^ (2m t + a,)» 2(ro a + a;,)' 



•2i 



•ft 



ft* 2 -?13 2 



/ 1 

971}= — 00 Vl% = — 00 

a 4 (2m 1 4-a 1 ) a 3 (2m a + a ,i) a ,(2m, -f- a 3 ) iir [" (Sto, + a 1 )l) 1 . (2m 3 ~f « 3 ) p a "l 

X?u 2 -ft. 2 "•?« 2 .e 2L *• + '• J 

+ (five similar terms) + etc. 
The remaining terms are formed in the manner indicated above, but it is not 
worth while writing them down, as the formula is too complicated to deal with 
in the general case. There is one class of cases, or rather one group of functions, 
sixteen in number, for which this formula may be very much simplified — these 
are the functions for which all of the indices a are zero. The five sets of terms 
in the general formula correspond to the following values of the a's. 





0, 


a-t 


a s 


a t 


I 
















1 
















1 








II 


















1 
















1 




1 


1 













1 


1 













1 


1 


TIT 












1 








1 




1 





1 










1 





1 




1 


1 


1 










1 


1 


1 


IV 












1 





1 


1 




1 


1 





1 


V 


1 


1 


1 


1 
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Combining each of these 16 groups of the values of a x . . . a 4 with the corres- 
ponding 16 groups for the values of p x . . . /? 4 we have the whole 256 functions. 
The simplest way of representing each of these functions by a formula similar 
to the general one given above would be to work it out ah initio, assuming the 
particular characteristic and developing for that special case, but a table of that 
magnitude could hardly have any practical value. We may take, however, the 
case where (a x a ? a 3 a 4 ) = (0000) 

and give the /?-row all of its values — we thus have the sixteen functions referred 
to above. Substitute these values of the a's in the general formula and make 
also (&&&&) = (0000) 

then we have 5./0 0V \ ^ / \ 

HoOOoJ^ 1 ' V *' V *' Vi >~' sa J M v ) = 



1 + 22^?r f cos -^ + . . . + 22^9f<cos -j^ 

»i, = l m 4 = l 

m, = -f- oo ma = -f- os 

yqT*qT l qn ,nhe L *• * + ( five similar terms) 

171!= — oo 7W a = — oo 

mj =+oo m 2 = + oo m 3 =+oo 

y f yqfq?*gpq^ m *ffi m °qlT> m >e L-^r + TT+^^J 

ffl 1 = — 00 f» 2 = — 00 ?» 3 = — 00 

+ (three similar terms) 

+ 53 23 23 ^tf*---q?*-2n> m >...ql?° m <e i "[-^ + --^- 

m x = — oo wi 2 = —oo m s = — oo m 4 = — oo 

In this last term the values m lt m 2 , rn 3 , w 4 = are excluded. 

The first line in the right-hand member of this equation is, in the ordinary 

notation, ^) M + »(»)(,,) + »(»>,) + »(»>,)-». 

The first term in the group of double summations is the double theta-function 

Transforming this in the same manner we have (see Forsyth's memoir, page 809) 

m|=oo m 2 =oo 

»(SS)(^) = l+2^ooB^+2£ fi r8coB--^ 






Wtl=00 7712 = CO 



m,=l m 2 = l * ' 
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^(S2)(^)=Ko)w +3 (o)^- 1 

Wl] = 1 Wl 2 ^l 

The remaining five terms under the double summation are at once obtained 
from this. 

Take now the terms under the triple summation sign. The first of these is 

Kooo) (w3) ' 

We reduce this just as we reduced the quadruple function, and we have 






m 3 m> 8 



m!=oo «i 2 =oo _ - 

/ q?*qflq$ im *e ^^T' t "W-i + (two similar terms) 

m x = — oo m 2 = — oo 

?m=oo m 2 =oo m 3 =c 

+ 

TO!= — oo m 2 = — o° m s = — oo 

In this last term the values nil, m 2 , m 3 =0 are excluded. 

The first five terms on the right-hand side of this equation are 



m,=oo m 2 =oo m s =oo 

\ \ \ qft qfl gp q$> m > g**« OT » g^ m » e L *• "^ *« J . 



The terms under the double summation sign are 

+ 2 £ £<,?! I off- cos * (=g + =g) + ft'-- cos « (f -^) I 

mi=X m 2 = l 

and two similar ones. Collecting together all our results we have now 

* (oooo) (wX) = 7 1 3 (o)M+* (o)^) + 3 (o> s) } +4 ^(o)^) - 14 + &• 

Here 

m 1 =oo »i 2 =oo 
m, = 1 m 2 = 1 

+ (five similar terms) 
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#1. =00 7W 2 =oo 



+ 2£E#^|^-cos ? t(^ + ^)+^.-cos 7 t(^-^)| 



+ (eleven similar terms) 



/7 m 5/7 2m l m 2 






W,— - co Wl 2 = — 00 ?»3= — op 

CO CO CO CO 

+ y^ y^' y^' y^W' • • • srw 12 - . . ^-"•e" 

»»j = — co m 2 =— co m s — — oo m 4 = — co 

The accented 2 means that the values m = are to be left out in forming 
the sum. 

We proceed now to a more complete reduction of the quantity Ju The 
terms under the double summation sign require only to be added together, no 
further reduction being necessary. The terms under each of the triple sum- 
mation signs divide up into four groups, viz., taking the first case where the sum- 
mations refer to m lt tn % and rn 3 we have 

I. Wj, ot 2 , m 3 all positive ...... One term. 

II. Any two of these positive and the third negative . Three terms. 

III. Any one positive and the remaining two negative . Three terms. 

IV. All three negative ....... One term. 

In all Eight terms. 

For the quadruple summations we have similarly sixteen terms. Taking 
now the case of the triple summations and we find the following values, in 
which for convenience I have written 

Q^qpqflqfl, u = ~- 

I. m lt m 2 , m 3 all positive. 

111 

II. Any two positive and the third negative. 

00 00 00 

2220 q— toiSig- $m, msglmtmsgini—m! », + m 2 » 2 + »»3tt3) 
111 

2220 Q~ im i"h Q !im i m 3 q— ifhm, e ijr(m,tt,— m„« 2 + >n 8 M3) 



1 1 1 



22 20 (£ m i m i(f- *»»i»»»yy— 2TOj»»3 J,jr(m l u l + m. 1 u,—m 3 u3) 
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III. Any two negative and the third positive. 

22 20 o im,m ' i O~ im i m *(f- 1 m i m i e i" (—»»»*,— m,« 3 + m 3 « 3 ) 
111 

00 CO CO 

2220 Q~ 2w i m 3/7 2m i m *Q~ 2wi 2 m 9 gijr(— m, Ui + m 2 tt a — m 3 « 3 ) 



-I 



ill 



2220 0~ 2 ™i m 2/Y — 2mi«j«8»i]mj giir(i»j M| — rn 3 « 3 — m 3 « 3 ) 
111 



IV. All three negative. 






2220 ( Jiin 1 m 1( y2m i m S( ^m 1 m l g — iir (m, «, + m 3 » 2 + m 3 « 3 ) 
111 

The summations are of course for rn lt m. % and w 3 . 
Adding groups I and IV and we have obviously 

2222^ 9 ^ m ^?r m3 ^ ma co S7 t (^ + ^+ 5*). 

The first of group II added to the third of group III gives 

2222 QiqT^qTs*™' ro *"*° cos n (-^ + ^ + ^) . 

Ill \ A! Ji 2 A s / 

The second of II added to the second of III gives 

22220 4 < ffi 2 ^^^ ras cosnf^-^ + ^\ 

111 \ Jl] A 2 ii, / 

The third of II added to the first of III gives 

2222ft<>^^ 2 — ^i 2 ^^cos7t(^+^-^ 3 ). 

Combining all of these we have for the first term under the triple summa- 
tion sign 

22 XXQST'^&^qlT^ cos n (^ + m ^ + ^) 
+ 22 2 2Q i qn im > m >qT 3 im ' m °ql?> m > cos n (- ^ + ^ + ^) 

+ 2222$ 4? 5 2m '^ (? ?r )m3 ^ 2m3m3 cos7t^-^ + ^ 

ill \ iii j" j A t / 

+ 222 ig*^-^*-'-^*-- cos n^ + ^-^y 

The remaining three terms are of course obtained by replacing the suffixes 
(1, 2, 3) by (2, 3, 4), (3, 4, l) and (4, 1, 2). 

Take up now the quadruple summation. As already remarked there are, 
in this case, sixteen groups of terms, these combine however into eight. The 
process of reduction is exactly the same as in the case of the triple summation, 
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so it is not necessary to go further into it. We have, in fact, for the quadruple 
summation the following value, where for brevity I have written 

/l — n m ^ n m ^ n m \ n m \ 

2iiI£^^^..^- C0S ^(^ + !^ + !^ + ^ 

1111 \ -*M Ji 3 ii 3 A 4 / 

+ 2 2222 Qq^ m ' m ^ m ^qT^ m 'qlT ims qlT im, qu ami cos 71 (- ^ + ^ + "P + ^ 
+ 2 2222 q^ m ^ m 'q\^q^ m ^q^ m ^ q^> m ' cos * (^ - ^ + ^p + ^p) 
+ 2 2222 Qq^' m ^ m ^q\f^q^ m ^q^ m ^ m ^ cos * (^ + ^ - ^ + ^) 
+ 2 2222 Qqt> m 'qlT> m >qT? ^<g|f ^-W ? -» cos 71 (^ + ^ + ^ - ^ 
-+- 22222g^ 2 m ' mj fe 2m,m3 ?u m ^q-^^q-^^ql^ cos 7 /-^-^+^ 3 +'^ 4 ) 

+ 22222g^ 2m ' m ^r'" i ^n 2mim4 fe 2m2W3 ?l4" 2m4 ?i 2m3m4 cos *(— ^ + ^— ^p+^) 

+ 2 2222g^ 2m '>ii 2m ' m ^r ,m4 ^ m ^ 2m2mi ?ii 2msm4 cos 7t(-^i+ ^ + ^_^ 4 \ 

The limits of the summations in the last seven terms are of course the same 
as in the first tefm. We have now merely to add together all of our results in 
order to obtain the value of the quantity ,3^. Notice that in the above given 
value of ^ of the "(eleven similar terms)" one is identical in form and value with 
the one written down, and the remaining ten terms reduce to five each of which 
is repeated once. We have then finally 

KooolD^™) = 7 1 Ko>>> + Ko)w + Ko>*> I + 4 Ko)^) - 14 

+ 42 Iqf^l J gfi".- cos n (™ + ^) + q~^ cos * (*f - ^) | 

+ (five similar terms) 

+ 22 2 2& j qlT^qlf^qlf^ COS n (^ + ^ + ^) 

+ ffS t »'- 2 5*»'""^- cos 7t (- ^ + ^ + ^) 
+ ? -«^ 3(? -^3 cos „ (^- ^ + ^ 3 ) 

+ gS^gS*,..^-. COS * (^ + -£--g) \ 

+ (three similar terms) 
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+ 22 2 2 XQ \ ffi m *Q$> m >q>?> m *q^ m *qlT> m '<f£> m < COS n (^ + ^ + ^ + ^\ 
1 l 1 1 ( J \ -Ki K% Ji s Ki / 

+ qT^^q^^qu^^qlf^qlf^qlT^ cos 71 (- ^ + ^ + ^ + ^) 

_f_ g -2m 1 m^2m 1 m 3 ^ I m 4? -2m a m s? -2m 2 m, g | r8 m 4 cog % (^h _ ^ + «^S + «*p\ 

_(_ rt !«i, m, ft -8ffl, 81,2m! m ( -te,i», Jffl,m, n -2ffl,m, or .„ _, (™l v l i rr h v i "W _i_ m i v l\ 

l In #13 #14 #23 #24 #34 Lub ^ I j£ T -jjF - — <p~ f -jg?- I 

I Jm,m 5/ Jm 1 m, „-2m 1 m 4 ^2m 2 m so -2m 1 m 4 ^-2m s m 1 -_„ ,_ /^l"l _i_ "^2 _i_ m 8% W 4 P 4 \ 

\ #12 #13 #14 #23 #24 #34 ^ ob ^ I j£ I -j£~ T^ ™- ~W~ ) 

+ ^r ,m ^i3 2mims gn 2mim4 ?ii 2mjm3 #ii 2mim< ?ir 3 ' n< cos n (- -^ - ^ + ^ 8 + y ) 

+ 2n 8m '"*gg , ' w ' fli*"' m *<fc* m * m *qg* m *$? m * m ' cos 7t (- ^ + ^ - ^ + ^- 4 ) 
+ 3 5 i "'"' 2 5*-»"'^"^-'«gc^" , «gii*-*« cos * (- ^ + ^ + ^ - ^) | . 

In this formula and in those preceding it is of course not strictly accurate to 
write the quadruple function in the form 

it really should be written 

<s/0000V , 

\ J ^ u * Us U *' ' 

but as the quantities v lf v t , v 3 , v 4 appear in the right-hand members of the 
equations I have written them in the left-hand members also. The equations 
connecting the v's and the m's are as above 

K x «j = v x , K % u % = w 2 , JT 3 u 3 = v 3 , K 4 u i =v i . 

The remaining 255 quadruple theta-functions may be thrown into forms similar 
to the one just examined, but as the formulae are so very long and as the process 
has been already sufficiently indicated, it is not worth while to work out any 
more of them. 

It would not be difficult to extend the above processes to the case of ^>-tuple 
theta-functions, but it is not the object of the present paper to do so. Still it 
may be remarked that the term in the p-tuple theta-function corresponding to 
the term Q, just computed will consist of a group of terms involving double 
summations, another group involving triple summations, and so on until we come 
to a single term which involves a ^-tuple summation. The method of computing 
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these terms is identical with that above given for the quadruple functions. Take 
for example r <C p , then the r-tuple summations are divided up as follows : 
suppose first r even, say r = 2p . 

Number op Cases. 

(1)! All the m's positive, .... 1 

(1) 2 All the m's but one positive, . 2p 

(1) 3 All the m's but two positive, . |0( - p ' 

(l) p+1 All the m's but p positive, . . W-l)(2/>- 2). ■■.(/> + !) 



(l) 2p _i All the m's negative but two 



2,0(2,0-1) 



2 

(l) 2p All the m's negative but one . 2p 

(l) 2p+1 All the m's negative, .... 1 

Here the first and last terms are to be combined, also the second and the last but 
one, and so on until we come to the middle term ; this term is made up of 

2,o (2,o — l)(2,o — 2) . . . p + 1 

P 
(an even number) of simple terms, and the first half of these simple terms is to 

be combined with the second half in order to obtain forms similar to those given 

in the case of the quadruple theta-functions. The case where r is odd follows at 

once from the case of r even. 



